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Introduction & Motivation



Markov chain Monte Carlo methods

Family of methods for the simulation of stochastic processes.

How to: given Π (up to ∝), Metropolis-Hasting generates a Markov chain {Xn}n≥0
for which Π is stationary.

Problem: correlation (the samples are not independent).

Solution: dynamics (gHMC) and, moreover, persistence (xHMC).
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From distributions to Hamiltonian dynamics

∙ Given Π (up to ∝), we define the potential energy

V(q) = − log(Π(q))

∙ We consider the (fictional) Hamiltonian

H(q,p) = 1
2p

TM−1p+ V(q)

∙ Instead of sampling Π(q) = exp(−V(q)) in state-space q ∈ Rd, we sample

Π(q,p) = exp(−H(q,p)) = exp(− 12p
TM−1p) · exp(−V(q))

in phase-space (q,p) ∈ Rd × Rd.

Note: q and p are independently distributed, p ∼ N(0,M).
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Hamiltonian dynamics

∙ Dynamics described by

H(q,p) = 1
2p

TM−1p+ V(q)

∙ Motions characterized by

q̇ = M−1p , ṗ = −∇V

∙ Can be hard to integrate

(q(τ),p(τ)) = Lτ (q0,p0)

⇝ numerical integrators
∙ Challenge: conservation laws
⇝ energy, symplecticity (volume)

Verlet / Leapfrog integrator

p1/2 = p0 =
h
2 f(q0)

q1 = q0 + hp1/2

p1 = p1/2 +
h
2 f(q1)

where f = −∇V

Lτ ⇝ Ls,h
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gHMC & xHMC



Generalized Hybrid/Hamiltonian Monte Carlo

01 p0 = 0
02 ξ0 = (q0,p0)
03 for n = 0 to N− 1 do
04 ξ0n = Rξn
05 ξ1n =

F

Lξ0n
06 Σ = min

(
1,Π(ξ1n)/Π(ξ0n)

)
07 if un ≤ Σ then
08 ξn+1 =

F

ξ1n
09 else
10 ξn+1 = Fξ0n
11 end_if
12 qn+1 = q(ξn+1)
13 end_for
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07 if un ≤ Σ then
08 ξn+1 =

F

ξ1n
09 else
10 ξn+1 = Fξ0n
11 end_if
12 qn+1 = q(ξn+1)
13 end_for

Step 0: preparation
∙ Space extension

q =⇒ ξ = (q,p)

∙ Hamiltonian dynamics

H(ξ) = 1
2p

TM−1p+ V(q)

∙ Maxwell-Boltzmann distr.

Π(ξ) ∝ exp(−H(ξ))

∙ Start the loop
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09 else
10 ξn+1 = Fξ0n
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Step 1: momentum refreshment

Rξ = Rψ(q,p) := (q,p′)
p′ := cosψ · p+ sinψ · z
z ∼ N(0, 1)

where ψ ∈ [0, π/2]⇝ sinψ ∈ [0, 1]

Note: If sinψ = 1 then

p′ = p(Rξ) ∼ N(0, 1)
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)
07 if un ≤ Σ then
08 ξn+1 =

F

ξ1n
09 else
10 ξn+1 = Fξ0n
11 end_if
12 qn+1 = q(ξn+1)
13 end_for

Step 2: integrate & flip

L : (q0,p0)
Ls,h7−→ (q1,p1)

F : (q,p) 7−→ (q,−p)

L−1Fξ Lξ

Fξ ξ

LFξ L−1ξ
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Generalized Hybrid/Hamiltonian Monte Carlo

01 p0 = 0
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09 else
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11 end_if
12 qn+1 = q(ξn+1)
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Step 3: accept/reject

ξn+1 =

{
Lξn w. prob. Σ
Fξn w. prob. 1− Σ

by drawing un ∼ U([0, 1])

7



Generalized Hybrid/Hamiltonian Monte Carlo

01 p0 = 0
02 ξ0 = (q0,p0)
03 for n = 0 to N− 1 do
04 ξ0n = Rξn
05 ξ1n =

F

Lξ0n
06 Σ = min

(
1,Π(ξ1n)/Π(ξ0n)

)
07 if un ≤ Σ then
08 ξn+1 =

F

ξ1n
09 else
10 ξn+1 = Fξ0n
11 end_if
12 qn+1 = q(ξn+1)
13 end_for

Step 3: accept/reject

ξn+1 =

{
Lξn w. prob. Σ
Fξn w. prob. 1− Σ

by drawing un ∼ U([0, 1])

7



Generalized Hybrid/Hamiltonian Monte Carlo

01 p0 = 0
02 ξ0 = (q0,p0)
03 for n = 0 to N− 1 do
04 ξ0n = Rξn
05 ξ1n =

F

Lξ0n
06 Σ = min

(
1,Π(ξ1n)/Π(ξ0n)

)
07 if un ≤ Σ then
08 ξn+1 =

F

ξ1n
09 else
10 ξn+1 = Fξ0n
11 end_if
12 qn+1 = q(ξn+1)
13 end_for

Step 4: throw momentum away
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Generalized Hybrid/Hamiltonian Monte Carlo

01 p0 = 0
02 ξ0 = (q0,p0)
03 for n = 0 to N− 1 do
04 ξ0n = Rξn
05 ξ1n = FLξ0n
06 Σ = min

(
1,Π(ξ1n)/Π(ξ0n)

)
07 if un ≤ Σ then
08 ξn+1 = Fξ1n
09 else
10 ξn+1 =

F

ξ0n
11 end_if
12 qn+1 = q(ξn+1)
13 end_for

Finale: genHMC algorithm
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Persistence within the HMC algorithm

Goal: improve acceptance rate (and chain quality).

Problem: rejections are costly.

Question: can we salvage them?

K ≥ 1 total chances
K− 1 ≥ 0 extra chances

Fξ ξ

FL1ξ L1ξ

FL2ξ L2ξ

FLKξ LKξ

J. Sohl-Dickstein, M. Mudigonda & M.R. DeWeese
Hamiltonian Monte Carlo Without Detailed Balance.
Proc. Int. Conf. Mach. Learn. 31 (2014).
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Persistence within the HMC algorithm

Goal: improve acceptance rate (and chain quality).

Problem: rejections are costly.

Question: can we salvage them?

Idea: generate an integration chain and choose
(according to the dynamics)

K ≥ 1 total chances
K− 1 ≥ 0 extra chances

Fξ ξ

FL1ξ L1ξ
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FLKξ LKξ
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Persistence within the HMC algorithm

Goal: improve acceptance rate (and chain quality).

Problem: rejections are costly.

Question: can we salvage them?

ξn+1 =



L1ξn with probability πL1(ξn)

L2ξn with probability πL2(ξn)
...

LKξn with probability πLK(ξn)

Fξn with probability πF(ξn)

K ≥ 1 total chances
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Definition (Cumulative Transition Probabilities [Campos & Sanz-Serna, 2015])

Σa(ξ) := min
{
1 , max

b<a

Π(FLbξ)
Π(ξ)

}
πLa+1(ξ) := Σa+1(ξ)− Σa(ξ)

πF(ξ) := 1− ΣK

Theorem (Detailed Balance [Campos & Sanz-Serna, 2015])

The associated transition kernel satisfies detailed balance.

Proof.

Thanks to reversibility and volume preservation, establish Π(ξ) · πLa(ξ) =

= Π(FLaξ) · πLa(FLaξ). Then, go for the definition detailed balance.
9
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Σa(ξ) = max
b<a

min
{
1 , Π(FLbξ)

Π(ξ)

}
=

∑
a
πLa(ξ)
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Σa(ξ) = max
b<a

min
{
1 , Π(FLbξ)
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πL1 = 0.4 πL2 = 0.1 πL3 = 0.3 πF = 0.2
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Σa(ξ) = max
b<a

min
{
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The xHMC algorithm

01 p0 = 0
02 ξ0 = (q0,p0)
03 for n = 0 to N− 1 do
04 ξ0n = Rξn
05 Σ = k = 0
06 do
07 k = k+ 1
08 ξkn = Lξk−1n
09 Σ = max{Σ, min{1,Π(ξkn)/Π(ξ0n)}}
10 while un > Σ and k < K
11 if un ≤ Σ then
12 ξn+1 = ξkn
13 else
14 ξn+1 = Fξ0n
15 end_if
16 qn+1 = q(ξn+1)
17 end_for

genHMC: succeed
or resign

K = k = 1

Fξ ξ

FL1ξ L1ξ

FL2ξ L2ξ

FLKξ LKξ
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The xHMC algorithm

01 p0 = 0
02 ξ0 = (q0,p0)
03 for n = 0 to N− 1 do
04 ξ0n = Rξn
05 Σ = k = 0
06 do
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10 while un > Σ and k < K
11 if un ≤ Σ then
12 ξn+1 = ξkn
13 else
14 ξn+1 = Fξ0n
15 end_if
16 qn+1 = q(ξn+1)
17 end_for

xHMC: persist

K ≥ k ≥ 1

Fξ ξ

FL1ξ L1ξ

FL2ξ L2ξ

FLKξ LKξ
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Quantity & Quality



Effective Sample Size ( )

How to quantitatively determine the meaningful data of an MC?

X1, X2, . . . , Xm MC ∼ Π

µXm → µ

√
m(µXm − µ) → N(0, σ2)

µ =

∫
g(x)Π(x)dx

µZr =
1
r

r∑
k=1

g(Zk)

Y1, Y2, . . . , Yn i.i.d. ∼ Π

µYn → µ

√
n(µYn − µ) → N(0, s2)

σ2

m ≈ s2
n =⇒ n ≈ ms2

σ2

σ2 ≈ ?¿ s2 ≈ 1
m

0∑
i=1

(g(Xi)− µXm)
2 =: γXm,0

13
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Effective Sample Size ( )

How to quantitatively determine the meaningful data of an MC?

X1, X2, . . . , Xm MC ∼ Π

µXm → µ

√
m(µXm − µ) → N(0, σ2)

µ =

∫
g(x)Π(x)dx

µZr =
1
r

r∑
k=1

g(Zk)

Y1, Y2, . . . , Yn i.i.d. ∼ Π

µYn → µ

√
n(µYn − µ) → N(0, s2)

Theorem (Kipnis & Varadahan, 1986)

For a stationary, irreducible, reversible Markov chain

m varµXm → σ2 :=
∑+∞

−∞ γk , γk := cov(g(Xi),g(Xi+k)) .

If σ2 is finite, then √
m(µXm − µ) → N(0, σ2)
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Effective Sample Size ( )

∙ Direct approaches to compute γk give bad results.
∙ Alternative, define Γk := γ2k + γ2k+1

Theorem (Geyer, 1992)

Γk = Γ(k) is strictly positive, strictly decreasing and strictly convex.

∙ Approximate γk ≈ γXm,k :=
1
m

m−k∑
i=1

(g(Xi)− µXm)(g(Xi+k)− µXm)

and Γk ≈ ΓXm,k := γXm,2k + γXm,2k+1
∙ Modify ΓXm,k such that theorem is “satisfied”.
∙ Then σ2 ≈ − γXm,0 + 2

∑
ΓXm,k.

C.J. Geyer
Practical Markov Chain Monte Carlo.
Statistical Science 7 (1992). 14

http://dx.doi.org/10.1214/ss/1177011137
http://dx.doi.org/10.1214/ss/1177011137
http://dx.doi.org/10.1214/ss/1177011137
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Γk = Γ(k) is strictly positive, strictly decreasing and strictly convex.

∙ Approximate γk ≈ γXm,k :=
1
m

m−k∑
i=1

(g(Xi)− µXm)(g(Xi+k)− µXm)

and Γk ≈ ΓXm,k := γXm,2k + γXm,2k+1
∙ Modify ΓXm,k such that theorem is “satisfied”.
∙ Then σ2 ≈ − γXm,0 + 2

∑
ΓXm,k.

C.J. Geyer
Practical Markov Chain Monte Carlo.
Statistical Science 7 (1992). 14
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Linear Alkane Dynamics

Linear alkanes are chemical compounds of the form

CH3 − CH2 − · · · − CH2 − CH3
The conformation of the molecule is characterized by the positions of the Carbon
atoms.

E. Cancès, F. Legoll & G. Stoltz
Theoretical and numerical comparison of some sampling methods for
molecular dynamics.
ESAIM: M2AN 41 (2007).

It is assumed they behave according to the potential

V(q) =
n−1∑
i=1

V2(di,i+1) +
n−2∑
i=1

V3(θi) +
n−3∑
i=1

V4(ϕi) +
n−4∑
i=1

n∑
j=i+3

VLJ(di,j)
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V4(ϕi) +
n−4∑
i=1

n∑
j=i+3

VLJ(di,j)

where
V2(d) =

1
2k0(d− d0)2

covalent bond potential between two consecutive Carbon atoms

∙ d, distance between the atoms
∙ k0, d0, system parameters
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Linear Alkane Dynamics

Linear alkanes are chemical compounds of the form

CH3 − CH2 − CH2 − CH2 − · · · − CH2 − CH3

It is assumed they behave according to the potential

V(q) =
n−1∑
i=1

V2(di,i+1) +
n−2∑
i=1

V3(θi) +
n−3∑
i=1

V4(ϕi) +
n−4∑
i=1

n∑
j=i+3

VLJ(di,j)

where
V3(θ) =

1
2κ0(θ − θ0)

2

three-body interaction potential

∙ θ, bending angle between three consecutive atoms
∙ κ0, θ0, system parameters
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Linear Alkane Dynamics

Linear alkanes are chemical compounds of the form

CH3 − CH2 − CH2 − CH2 − · · · − CH2 − CH3

It is assumed they behave according to the potential

V(q) =
n−1∑
i=1

V2(di,i+1) +
n−2∑
i=1

V3(θi) +
n−3∑
i=1

V4(ϕi) +
n−4∑
i=1

n∑
j=i+3

VLJ(di,j)

where
V4(ϕ) = c1(1− x) + 2c2(1− x2) + c3(1+ 3x− 4x3)

four-body interaction potential

∙ ϕ = arccos(x), diedral angle between four consecutive atoms
∙ c1, c2, c3, system parameters
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Linear Alkane Dynamics

Linear alkanes are chemical compounds of the form

CH3 − CH2 − CH2 − CH2 − · · · − CH2 − CH3
It is assumed they behave according to the potential

V(q) =
n−1∑
i=1

V2(di,i+1) +
n−2∑
i=1

V3(θi) +
n−3∑
i=1

V4(ϕi) +
n−4∑
i=1

n∑
j=i+3

VLJ(di,j)

where
VLJ(d) = 4ϵ

((σ
d

)12
−

(σ
d

)6)
Lennard-Jones potential of two Carbon atoms connected by three or more
covalent bonds

∙ d, distance between the atoms
∙ ϵ, σ, system parameters 16



Simulations

∙ alkane = 9 carbons (i.e. 6 diedra)
∙ K = 0, 3 (extra chances)
∙ sinψ = 0.10, 0.25, 0.50, 0.75, 1
∙ L∆t = 0.12, 0.24, 0.36, 0.48, 0.60, 0.72
∙ ∆t = 0.012, 0.020, 0.024, 0.030
∙ chains per setting = 10

total chains = 1800 (several GiB)

∙ cost = 106 force evaluations
∙ ESS measures:
∙ 1st diedra, g(x) = 1[−1.75,1.75](x)

17



Results: acceptance ratio

∆t K = 0 K = 3
a0 a1 a2 a3 ∑ak

0.012 93% 93% 6% 1% 0% 100%
0.016 86% 87% 11% 2% 0% 100%
0.020 77% 80% 16% 3% 1% 100%
0.024 65% 71% 22% 6% 1% 100%

Acceptance rates (rounded) for sinψ = 1, L∆t = 0.48 and different values of ∆t
and K, K = 0 (standard HMC) and K = 3 (three extra chances). The column labelled
ak gives the acceptance rate at the (k+ 1)-try.

Conclusion: extra chance increases acceptance ratio.
Question: worth? (tricky, shorter chain lengths)
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Results: effective sample size vs. integration time step
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∙ full mom. refresh
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Results: effective sample size vs. integration time integration
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Results: effective sample size vs. momentum refreshment
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Conclusions & outlook

Conclusions:

∙ clever (uses dynamics)
∙ applicable (detailed balance)
∙ easily implementable (simple back-recurrence)
∙ worth (quality chains)

Outlook:

∙ integration (cheap & tailored)

Extra:

∙ Matlab/Octave code available at http://github.com/vitaminace33
23
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Questions?
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